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Abstract

The Drinfeld twist for the opposite quasi-Hopf algebra, H°P, is determined and
is shown to be related to the (second) Drinfeld twist on a quasi-Hopf algebra.
The twisted form of the Drinfeld twist is investigated. In the quasi-triangular
case, it is shown that the Drinfeld u-operator arises from the equivalence of
H*P to the quasi-Hopf algebra induced by twisting H with the R-matrix. The
Altschuler—Coste u-operator arises in a similar way and is shown to be closely
related to the Drinfeld u-operator. The quasi-cocycle condition is introduced
and is shown to play a central role in the uniqueness of twisted structures
on quasi-Hopf algebras. A generalization of the dynamical quantum Yang—
Baxter equation, called the quasi-dynamical quantum Yang—Baxter equation,
is introduced.

PACS numbers: 02.10.Hh, 02.20.Uw
Mathematics Subject Classification: 81R50, 16 W30

1. Introduction

Quasi-Hopf algebras (QHA) were introduced by Drinfeld [6] as generalizations of Hopf
algebras. QHA are the underlying algebraic structures of elliptic quantum groups [8—11,
14, 20] and hence have an important role in obtaining solutions to the dynamical Yang—Baxter
equation. They arise in conformal field theory [3, 4], algebraic number theory [7] and in the
theory of knots [1, 15, 16].

The antipode S of a Hopf algebra H is uniquely determined as the inverse of the identity
map on H under the convolution product. For a quasi-Hopf algebra, the triple (S, «, 8)
consisting of the antipode S and canonical elements «, 8 € H is termed the quasi-antipode.
The quasi-antipode of a QHA is not unique [2, 6, 17]. However, given two QHAs which differ
only in their quasi-antipodes, there exists a unique invertible element v € H relating them.
Moreover, to each invertible element v € H there corresponds a quasi-antipode, so that the
invertible elements v € H are in bijection with the quasi-antipodes. This allows us to work
with a fixed choice for the quasi-antipode (more precisely, a fixed equivalence class for the

0305-4470/05/4710123+22$30.00  © 2005 IOP Publishing Ltd Printed in the UK 10123


http://dx.doi.org/10.1088/0305-4470/38/47/006
mailto:tel@maths.uq.edu.au
http://stacks.iop.org/JPhysA/38/10123

10124 M D Gould and T Lekatsas

quasi-antipode). We show that the operator v € H is universal, i.e. invariant under an arbitrary
twist F' € H ® H. In the quasi-triangular case, the equivalence of the quasi-antipode of the
opposite QHA H P and the quasi-antipode induced by twisting H with the R-matrix gives rise
to a specific form of the v operator, which we call the Drinfeld—Reshetikhin [5, 18] u-operator.
The u-operator introduced by Altschuler and Coste [1] in the context of ribbon quasi-Hopf
algebras arises in a similar way and is shown to be simply related to the Drinfeld—Reshetikhin
u-operator. In view of the invariance of the v operators, these u-operators are also invariant
under twisting.

For a Hopf algebra H, the antipode S is both an algebra and a co-algebra anti-
homomorphism. In the QHA case, Drinfeld has shown that the antipode S is a co-algebra
anti-homomorphism only upto conjugation by a twist, Fs (the Drinfeld twist). Assuming the
antipode S is invertible with inverse S~!, we show that S~ is a co-algebra anti-homomorphism
upto conjugation by an invertible element Fj, which we call the second Drinfeld twist on H.
The form of the Drinfeld twist for the opposite QHA H®? is determined and shown to be
simply related to this second Drinfeld twist. The behaviour of the Drinfeld twist Fs under an
arbitrary twist G € H ® H is also investigated.

The set of twists on a QHA H form a group. We study a subgroup of the group of twists
on a QHA, namely those that leave the co-product A : H — H ® H and the co-associator
® € H® H ® H unchanged. These twists are called compatible twists. Twists that leave the
co-associator @ unchanged are said to satisfy the quasi-cocycle condition. The quasi-cocycle
condition is intimately related to the uniqueness of the structure obtained by twisting the
quasi-bialgebra part of a QHA. In the quasi-triangular case, we show that R” R and its powers
are compatible twists.

Following on from our considerations of the quasi-cocycle condition, we introduce the
shifted quasi-cocycle condition on a twist F(A) € H ® H, where A € H depends on one (or
more) parameter(s). We conclude with the quasi-dynamical quantum Yang—Baxter equation
(QQYBE), which is the quasi-Hopf analogue of the usual dynamical QYBE.

2. Preliminaries
We begin by recalling the definition [6] of a quasi-bialgebra.

Definition 1. A quasi-bialgebra (H, A, €, @) is a unital associative algebra H over a field F,
equipped with algebra homomorphisms € : H — F (co-unit), A : H — H ® H (co-product)
and an invertible element ® € H ® H @ H (co-associator) satisfying

(1® A)A(@) =P (AQ DA(a)D, Ya € H, 2.1
ARIRNP - (IRIRA)DP=(PR])-(1ARND-(1QP), (2.2)
€@DA=1=(1Qe€)A, (2.3)
(I1®ex)d =1. 2.4

It follows from equations (2.2)—(2.4) that the co-associator ® has the additional properties
(ERIRNE=1=(1R1RQ¢)D.

We now fix the notation to be used throughout the paper. For the co-associator, we follow the
notation of [12, 13] and write

@:ZX,,@YV@ZV, <1>—‘=ZXV®YU®ZU.
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We adopt Sweedler’s [19] notation for the co-product
Aa) = Za(l) ® aw), Va e H
(a)

throughout. Since the co-product is quasi-co-associative, we use the following extension of
Sweedler’s notation:

(1® A)A(a) = aq) ® Alap) = aq) @ a((g ® a(%),
(A® DA(@) = Alag) ® ap) = aly) ®a;) @aq).

In general, the summation sign is omitted from expressions with the convention that repeated
indices are to be summed over.

(2.5)

Definition 2. A quasi-Hopf algebra (H, A, €, ®, S, o, B) is a quasi-bialgebra (H, A, €, ®)
equipped with an algebra anti-homomorphism S (antipode) and canonical elements o, 8 € H,
such that

S(X,)aY,BS(Z,) =1=X,BSY,)aZ,, (2.6)

Samy)aap) = €(a)a, amnPBS(ap)) = €(a)B, Ya € H. 2.7)

Throughout we assume bijectivity of the antipode S so that S~! exists. The antipode
equations (2.6), (2.7) imply €(a) - €(8) = 1 and €(S(a)) = €(S™!(a)) = €(a),Ya € H. A
triple (S, «, B) satisfying equations (2.6), (2.7) is called a quasi-antipode.

We shall need the following relations:

X,a ®Y,BS(Z,) = al) X, ® ai) V,BS(Z,)S(aw). Va € H, (2.8)
21 %F A®19)0 (1810A)P (180 ) (18A® D!

=X"X, X, @ XPY, X, YV @V, 2V, YP ® 2,20 Z,Z,. (2.9)
1@e=(10A0D" - ('@ -(A10DP- (1011 A),

=X XX X, @YY, XY, @ VPZ,Y,Z2’ © 2,2,Z, (2.10)

where we have adopted the notation of equation (2.5) into (2.8) and the obvious notation in
(2.9), (2.10) so that, for example

AX)=XD®XP, et
Equation (2.8) follows from applying (1 ® m)(1 ® 1 ® B5) to equation (2.1) then using (2.7).

3. Uniqueness of the quasi-antipode

For Hopf algebras, the antipode S is uniquely determined as the inverse of the identity map
on H under the convolution product. The quasi-antipode (S, ¢, 8) for a QHA is not unique.
Nevertheless, it is almost unique as the following result due to Drinfeld [6] (whose proof is
similar to the one given below) shows:

Theorem 1. Suppose H is also a QHA, but with quasi-antipode (S, &, B) satisfying (2.6),
(2.7). Then there exists a unique invertible v € H, such that

va = @, Bv = B, S(a) = vS(a)v7!, Va € H. (3.1
Explicitly

O v="5X)aY,ps(Z,) =8 X)NSST (BNSTEZ,,

(i) v'=8X,)aY,BS(Z,) = X,BST,)SSH@)SSTHZ))). G-
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Proof. We proceed stepwise.
Applying m - (S ® 1)(1 ® &) to equation (2.8) gives

S(X,a)aY,BS(Z,) = S(a(1 )aa(l))Y BS(Z,)S(aw)),
so that
St@v = 5(X,)5(a})aadY.BS(Z,)S(aw) E vS(), Va € H, 3.3)

where m : H @ H — H is the multiplication map m(a ® b) = ab,Va,b € H.
Next observe, from equation (2.9) that, in view of (2.7),

vel=S8(x"x,X,)ax?y, X, v"pS(v,Zz'Y,¥?)® 2,20 Z, Z,
=8(X,)aY, X,BS(Z V) @ 20 Z,.
Applying m - (1 ® «) from the left gives
va = 8(X,)aY, X,BS(ZYs)aZD Z,
—aX,BS(V,)aZ, 2 a (3.4)
From this it follows that
S (X)) - 87N (B)) - S(V)az,
S &D)) - SSTHBNST) - vaZ,
v-SESTHX) - SSTHB)) - S(F)aZ,
—v- X, BSTaZ, 2o,

which proves (3.2) (i). To see v is invertible observe that

v S(X,)aY,BS5(Z, ) D S(X yaY,33(Z,)

S(x,)av,pS(z,)

33)

IIJ;

B
1S

)
—

’

SO
= S(X,)aY,B5(Z,)

as stated.
Now using equation (2.10), we have

1ov ' =X,X,X X, @ S(Y\"V,XPY,)a¥?Z,Y,Z BS(2,2,Z5)
L x.X0®5(7,X)az,Y,B5Z,).
Applyingm - (1 ® B) glves
pv' =X, XVBS(Y,XP)aZ,Y,B5(Z,)
=X.BSF ez, BE B, 3.5)

which completes the proof of (3.1). As to (3.2) (ii) observe that
X,BS()S(S @)S(S™(Z)))

2 X,p0715(F,)5(S T @)S(ST1(Z,))
XuBS(T)S(S  @)SS™(Z))w™!
= X, BS(T)az, v &yl

w
..)

.
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as required. It finally remains to prove uniqueness. Hence, suppose u € H satisfies

uS(a) = S(a)u, VYa e H, ua = @, Bu = B.
Then,
w ' =u-S(X,)aY,BS(Z,)
= S(X,)uaY,BS(Z,)
= S(xav.p8z,) ¥ 1,
which implies u = v as required. O

In the special case S = S, we obtain the following useful result.

Corollary. Suppose H is also a QHA with quasi-antipode (S, &, B). Then there is a unique
invertible central element v € H, given explicitly by equation (3.2) (i) (with S = S), such that

Vo = @, Bv =p.

It thus follows that the triple (S, «, B) satisfying (2.6), (2.7) for a QHA is not unique.
Indeed following theorem 1, for arbitrary invertible v € H, the triple (S, &, 8) defined by

S(a) =vS@)v™', Vae H; @ = va, B=pv!

is easily seen to satisfy (2.6), (2.7) and thus gives rise to a quasi-antipode S, a, B). Theorem 1
then shows that all such quasi-antipodes (S , @, ,3) are obtainable this way; thus, there is a 1-1
correspondence between the latter and invertible v € H. We say that these structures are
equivalent, since they clearly give rise to equivalent QHA structures. Throughout we work
with a fixed choice for the quasi-antipode (S, o, B).

We conclude this section with the following useful result, proved in [13], concerning the
opposite QHA structure on H:

Proposition 1. H is also a QHA, with co-unit €, under the opposite co-product and co-
associator AT, ®T = CD;ZII, respectively, with quasi-antipode Sl = S‘l(a),,BT =

ST B

The QHA H®P = (H, AT, e, ®7, S~ o, B7) is called the opposite QHA structure.
We remark that above we have adopted the notation of [12, 13] so that AT = T - A, where T
is the usual twist map, and

), =2, 97, ®X,.

This latter notation extends in a natural way and will be employed throughout.

4. Twisting
Let H be a quasi-bialgebra. Then F € H ® H is called a twist if it is invertible and satisfies
the co-unit property

ERDNF=(1Re)F =1.
We recall that H is also a QBA with the same co-unit € but with co-product and co-associator
given by

Ap(a) = FA(@)F ™', Ya € H,

4.1)
Or=(FR1-(AQDF-® - (1®A)F ' - (1®F),
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called the twisted structure induced by F'. If moreover H is a QHA with quasi-antipode (S, o, B)
then H is also a QHA under the above twisted structure with the same antipode S but with
canonical elements

ar=m-(1®a)(S®1HF!, Br=m-(1QB)(1R®S)F, 4.2)

respectively. A detailed proof of these well-known results is given in [20]. We now investigate
the behaviour of the operator v of theorem 1 under the twisted structure induced by F.

4.1. Universality of v
Recall that the operator v is given by
v=S8(X,)aY,BS(Z,).

Let F € H ® H be an arbitrary twist. We use the following notation for the twist F' and its
inverse F~!,

F=fof. F'=fef.

The twisted form of the co-associator is given by (4.1)

or =X @Y @z = fif"XoFi ® f PV T ® fIZ0 o F 4.3)

For the twisted forms of the canonical elements we have from (4.2)
Gr=m-100)E®DHF ' =5(faf’, 4
Br=m-(1®PASF = f,BS(f7).

‘We note that

SCparf! D 8o fnafrfi=m- 1@ @ NF'F)=a 45
and similarly,

FiBrS(f) = B. (4.6)
The twisted form of v is given by
S(X)arY) BrS(z))
PS(A VX F)ar F Y Pl FiBeS (£ 20 oy 1)
S(FVX0F)SUnar f1 12, Fly FiBeS(FS(f7 2, Fly))
PS(FOX TP Tl FiBES(FYS(F1 2, Fly)
"S(FOX F)af Y P BS (£ Z0 )
S, FOS(F)af Py, £, BS(F5)S(f 2,)

SX, foaY, f(,BS(fy)S(Z,)
= 8(X,)aY,BS(Z,) = v,

Vfr

4.3

[

@.

15,

@6

ks

where in the last two lines we have used the antipode properties of ¢, B (2.7) and the co-unit
property of twists. We have thus proved:

Theorem 2. The operator v is universal (i.e., invariant under twisting).
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5. The Drinfeld twists

We turn our attention to the Drinfeld twist for the opposite structure of proposition 1. It is
tempting to assume that F,| qualifies as a Drinfeld twist for the opposite structure. However,
this is not true since the antipode for the latter is S~! rather than S. We shall show that the
Drinfeld twist for the opposite structure is in fact related to the second Drinfeld twist which
we define below. We begin with a review of the Drinfeld twist.

5.1. The Drinfeld twist
Observe that A’ defined by

Aa) = (S ® AT (S (), Ya € H 5.1
also determines a co-product on H. Associated with this co-product, we have a new QHA

structure on H, which was proved in [13] and which we restate here:

Proposition 2. H is also a QHA with the same co-unit € and antipode S but with co-product
A', co-associator ® = (SQ® S ® S)P3;; and canonical elements o' = S(B), B/ = S(a),
respectively.

Drinfeld has proved the remarkable result that this QHA structure is obtained by twisting
with the Drinfeld twist, herein denoted as Fj, given explicitly by

(i) F=6®9AT (X)) y-AX.LS(Z,)),
= A/(XUﬂS(?V)) “Y A(Zv)y
where
(i) y = 8(B)aC; ® S(A)aD;
with
@' - (A1 1D
1®d) - (11 A)d .
The inverse of Fj is given explicitly by
i) F'=ARX)-7-AST)aZ,)
= A(S(X)aY,) -7 - (S® $)AT(Z,),
where
(i) y = A;BS(Di) ® BiBS(C))
with
AR1Dd . (d®1)
(1®1QA)P-1® 7).
The detailed proof that the QHA structure of proposition 2 is obtained by twisting with Fj, as
given in (5.2), and in particular
A(a) = F;A(a)Fy ', Ya € H (5.4)

is proved in [13]. We simply state here some properties of y, y proved in [13] and which are
crucial to the demonstration of Drinfeld’s result:
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Proposition 3.

i S@HA (am) -y - Alap) = @)y, Va € H,
(i)  Aay) -7 - (S® HA (ap) = e(@)y, Ya € H, (5.5
(i) FsA(@) =y, ABF; ' =7.

5.2. The second Drinfeld twist

Replacing S with S~!, we obtain yet another co-product Ay on H:

Ao(a) = (87" @ STHAT(S(a)), Va € H. (5.1)
We have the following analogue of proposition 2, the proof of which parallels that of [13]
proposition 4, but with S and S~! interchanged:

Proposition 2'. H is also a QHA with the same co-unit € and antipode S but with co-product
Ay, co-associator Py = (S7' @ §7! ® S~ D3, and canonical elements ay = S~ (B), Bo =
S~ (), respectively.

By symmetry, we would expect this structure to be obtainable twisting. Indeed, we have
Theorem 3. The QHA structure of proposition 2’ is obtained by twisting with

Fo="'esHFS (5.6)

herein referred to as the second Drinfeld twist, where Fy is the Drinfeld twist and F] = T - F.

Proof. It is clear that F; is invertible with inverse Fy ' = (S™' @ S™1)(F, ST)_] and qualifies
as a twist. For the co-product, we observe
FoA@Fy ' = (' @ S F - Ata)- (™' @ STH(FF)™
=@ @SH - T-[F-(S®)HA () - F)
= ®S™H - T-[F'A(S@)F]
(s s T AS@) = (7' ®5HAT(S(@)
D Ay(a), Va € H.

The co-associator is slightly more complicated though also simple. We have from Drinfeld’s
result

P =(®SQNP =(FHOD-(AQDF-2-(10A)F - (18 F )
which implies
S®S®NP=[HD) (A DF o 10 AF" - (18 F )],
=(1®F) - 1@ ANF - &y - (AT @ )FI - (FI ' ®1).
Applying (S7!' ® S7! ® §7!) gives
= (F ' ®1)-(A®@ DF; - ®g- (1® Ag)Fy- (1® Fp)
=(ADF ' (F,'®1) & - (1® F) - (1® A)F,
with Fy as in the theorem. Thus,
Q= (FHOD-(A@DF - ®-18MNF - (18 F")

which shows that indeed ®¢ is obtained from & by twisting with Fy. The proof for the
canonical elements is straightforward. O
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5.3. The Drinfeld twists for the opposite structure

Recall that under the opposite structure of proposition 1, H is a QHA with antipode S~',
co-product AT and co-associator ®7 = ®3). It follows that if Fy is the Drinfeld twist for
this opposite structure then, Va € H,

FOAT (@)(F)) ™ = (AT (a)
= ('® S THAS@) = Al (a)

since S~! is the antipode for this structure. On the other hand, if Fj is the Drinfeld twist of
equation (5.6), we also have

FIAT@)(FF) ™ = Al
with Ag as in equation (5.1"). Here, we show in fact that F 80 = FOT .

Before proceeding we note that the Drinfeld twist is given by the canonical expression of
equation (5.2) (i) with y as in (5.2) (ii) constructed from the operator of (5.2) (iii); namely,

@' - (A®1® 1P
Ai®Bi®Ci®Di= or
(1d) 110 A)d L.

This gives rise to two equivalent expansions for y. Using the first expression we have, in
obvious notation,

A®BRCED=@"'®D- (A1 1)d
=X, XV VXY RZ,Y, ®Z,,
which gives, upon substitution into (5.2) (ii),
y =S XP)aZ,v, ® S(X,X)aZ,,
which is the expression obtained in [13]. On the other hand, using the second expression gives
A®BRCID=10d) - (1010 A)d™!
=X, XV, 12V ®2,Z}
and substituting into (5.2) (ii) gives the alternative expansion
y =SX,¥)aY,Z) ® S(X,)aZ,Z (5.7)

which is equivalent to the expression above [13].
Using (5.2) (i) for the opposite structure, we have for the Drinfeld twist

Fy =7 @S Ha(Xy) -y - aT(V)B7s7H(Z)),
where we have used the fact that the co-product for the opposite structure is AT, the antipode
is S~!, with canonical elements o’ = S~ (), BT = S~'(8) and where we have set

Xy0r ez =o' = o5,
which is the opposite co-associator, and where from (5.2) (ii)

P = 57 () € 57 (A0 DY
with

AeB oD =(@) &l (A’®18 o’

=@ @D - (AT @18 Hdy,.

In obvious notation, the latter is given by

(P ®D-(ATR®1® NPy, =Z,ZP 120 ®X,Y, X,
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so that, using a” = S~ (@),
y' =S MZP)S @)X, Y, © STH(Z,Z27) S (@) X,
5T e _
= ('S THm).
Thus we may write, using 87 = S~1(B),
F) = "®sHa(X)) - (s'®@s ™y - AT (x)s ' s (2Y))
so that, substituting
X0y ezZ)=0" =03, =2,7,®X,,
gives
Fy=$"®8SHAZ) - (S'e sy - AT@S'(BS' (X))
="' (S@HAT TS X)) v - AZ)]
=@ ST) (A X BST)) -y - A(Z)]
20 (s @ sHF Y FT.
Thus, we have proved
Proposition 4. The Drinfeld twist for the opposite QHA structure of proposition 1 is given
explicitly by
F="®SHF=F.
To see how F, 5T fits into the picture, we need to consider the second Drinfeld twist F{ of

theorem 3 associated with the co-product of equation (5.1). We have immediately from
proposition 4

Corollary. The second Drinfeld twist for the opposite structure is Fy .

Proof. Since the antipode for the opposite structure is S~!, theorem 3 implies that the second

Drinfeld twist for this structure is (S® S) (Fy) " where F? is the Drinfeld twist for the opposite
structure, given explicitly in proposition 4. It follows that the second Drinfeld twist for the
opposite structure is

-1 —I\pT T
S8 - [S'esHF]=F .
5.4. Twisting the Drinfeld twist

It is first useful to determine the behaviour of y in equation (5.3) (ii) under an arbitrary twist
G € H ® H. Under the twisted structure induced by G, the operator y is twisted to 7, given

(i) 76 = A7BsS(D{) ® BY BsS(CY)
where

(i) AP®BI®CIFR@D] =(Ac®1Q 1P - (Pc @ 1). (5.8)
‘We have
Proposition 5. Let G =g, ® ¢ € H® H be a twist on a QHA H. Then,

76 =G-Ag)-7-(S® G AT ().
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Proof. Throughout we write
G'=z®g.
For the RHS of equation (5.8) (ii), we have
(A ®1®@ DD (P =(Ac®1®D-[18G) - (1®AG-'- (A’ 1)G™!
(GT'ODIH{IGRD - (ARG - (1®A)G - (1®G @1},
where we have used equation (4.1) for ® and its inverse, thus
(A ® 1@ D - (P 1)
=(1®18G)- (Ac®AG- (A1 P!
TAc®@DARNG  [(Ac®DG'®1]- (G101 [(A® DGR ]
(@D [(10AG'®1]1-1867'®1)
=G®G) - (ARANG- (A1) - [(A® ARG
JA®DGT - (A DGR (PR 1)
JAAG'®1]-(18G7'®1)
=(G®G)-(ARANG- (A1 NP [(A®DA®IIG™.
(@D [1®AG'®1]-(18G'®1)
W G626) (AMNG- (A1 NP (¢® 1))
T1eMNARNG - [(1AG'®1]- 188G ' ®1).
Now using the notation of equation (5.3) (iii), we have
ARIQDNP ' (PR =4, ® B, ®C; ® D;
so that in the notation of equation (5.8) (i)
A°®BF®CF®DF =(Ac®1® 1D, - (P ® 1)
=(G®G)-(A®ANG-{A4,®B,eCeD) [(18A0A®1IG™
T1®AG'®1]- 186 ' 1)
= 2,843 2 ® g'8V Big() 8k am ® 2181, Ci2i0) 808" ® 881, Di'
where we have used the obvious notation, so that
AGg) =g ® g, 1@ M)AE) =g @A(g”) =¢" ®e) @20, et
and all repeated indices are understood to be summed over. Substituting into equation (5.8)
(i) gives
76 = 8.8\ Az 2BcS(s'ely Dig') ® '8V Big\i) 8ty BmBaS (8181, izl 8 8")
= 2,8'" 43" 2BcS (g g0 D: )
® 8Sg§-2)Big’/(fl))gfngmﬂ(?S(g’m)s(gfz))S(g;(22)>)5(gtg{1)ci)-
Now using
8nBcS(@") = (Bo)o = Be-1¢ = B (5.9)
and making repeated use of equation (2.7) gives
76 = 8.8\ Az 2B S(8' gy Dig')
® ¢'s;” Bigic) 8BS (86) S (81) S (81801, C)
= 2,84 421 S(8")5(8' gl Di) ® g8V Bi BS(3:181,,C:)
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5.9 3 7 j s, R 2 j
= g8 ABS(D)S(g'8h,) ® 8°8 BiBS(CHS(181)))

(5.3)(ii) s _ i i
="(g:8" ®8°87) -7 (S®S)(g'8h, ® 21801)
= G-Ag) 7 -(S@)NGT-AT(g)))

which proves the result. ]

We are now in a position to determine the action of an arbitrary twist G € H ® H on the
inverse Drinfeld twist F 5_1, given in equation (5.3) (i). Under the twisted structure induced

by G, F; ! is twisted to (F(SG)_l = (FI{I)G, given as in equation (5.3) (i), but in terms of the
twisted structure, so that, with the notation of equation (5.8), we have from (5.3) (i)

(F7) " = Aa(S(x0)acf) - 76 - (S © HAG(27)

with ¢ as in proposition 5.
In obvious notation, we may write

X0Rre®z8=0=(GR®D-(A®DG-®-1AG - (18G™)
=28 X, 5 ® ¢'8 V3,8 ® 872,303

which implies
(FS) ™" = A[S(8i8" Xo8)acs 8718k @] - 76 - (S ® AL (872,53

= Ac[S(X,205(85")S(enece 8P Y03l 3] 76 - (S ® )AL (872,85 8").-
Using

S(gacg' = (@) = ag-ig = @,

and equation (2.7), then gives
(FO) ™ = A6[S(Xg0aY,gh &) - 76 - (S ® $)AL(Z,558)

=G A[SX,g0aY, 38 G 76

(S®HGH " (S®8HAT(Z,86)8") - (S® HGT

rop.(5) _ _k = _
PEVG - A[SXg0aYglha] - Alg) 7

(S®HA () (S®HAT(Z,8,)3")  (S® HGT
=G - A[S(X,g0aY 8] - A@)A@G) - 7
S(S®HAT(g) - (S®HATE) - (S® HAT(Z,8) - (S® HGT
=G A[S(X,80eY, 8] - A@ig) - v
(S®HAT(E'g) - (S®HAT(Z,85) - (S® SHGT
=G - A[S(X,2aY,]- A(g) - v
S(S®HAT(2h) - (S©9HAT(Z,) - (S® HGT,
where we have used the obvious result that
28 ®8e =G""G=1®1.
It then follows from proposition 3 that
(F(sG)_1 =G -A[SX,))aY,]-7-(S®HAT(Z,) - (S® $GT

CA0 G R (5@ 9)GT.
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We have thus proved

Theorem 4. Let G € H ® H be a twist on a QHA H. Then under the twisted structure
induced by G, F, 571 is twisted to

-1 - -
(FY) =(F;),=G - F'-(S®8)G".
Equivalently, the Drinfeld twist is twisted to
F¥=(F)e=S@)GH ™" F-G7.

Corollary. Fy as in equation (5.6) is twisted to
F¢=(Fo)g="®85 NG F- -G
Proof. Follows from the definition of Fy = (S™' ® S™')F and the theorem above. O

When H is quasi-triangular, the opposite structure of proposition 1 is obtainable, up to
equivalence modulo (S, «, B), via twisting. In such a case, the results of section 3 have further
useful consequences.

6. Quasi-triangular QHAs

A QHA H is called quasi-triangular if there exists an invertible element

R:Zei@)eieH@H

called the R-matrix, such that
i AT(@R =RA(), Ya € H,
(i) (A® DR = 05 Ri3P12Ras P i, (6.1)
(iii) (1® AR = ®3pR 13D, LR P13,
where
Rlzzei®ei®l, R13:ei®1®ei, etc.

We first summarize some well-known results for quasi-triangular QHAs. It was shown in
[13] that

Proposition 1'.  With the opposite QHA structure of proposition 1, H is also quasi-triangular
with the R-matrix RT = T - R, called the opposite R-matrix.

EDR=(1QRe)R =1

so that R qualifies as a twist. Moreover, if F € H ® H is any twist then, as shown in [13], H
is also quasi-triangular under the twisted structure of equations (4.1), (4.2) with the R-matrix

Rrp=FIRF. (6.2)

It was shown in [13] that

Proposition 6. With the QHA structure of proposition 2, H is also quasi-triangular with the
R-matrix

R =(SQSR.
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We have seen that the QHA structure of proposition 2 is obtainable by twisting with the
Drinfeld twist Fs. It was further shown in [13] that the full structure of proposition 6 is also
obtained by twisting with F3 which, in view of equation (6.2), is equivalent to

(S®S)R = FIRF; . (6.3)
This result in fact follows from the following relation:
(S®HR -y =y'R.
where yT = T -y, proved in [13]. In view of proposition 3, this last equation is equivalent to
Ry =7"-(S® R,

where 7 = T - 7, with y and y as in equations (5.2), (5.3).
In view of (6.1) (i), the opposite co-product is obtained from A by twisting with R. In
fact, we have the following result proved in [13]:

Proposition 7. The opposite structure of propositions 1, I’ is obtainable by twisting with the
R-matrix R but with antipode S and canonical elements ar, Br, respectively.

Above o, Br are given by equation (4.2), so that
(i) ag=m-1®@a)(S®HR, Br=m (18 B)(1QSHR.
Below we set
i) R=¢Q¢, Rl=t®d
in terms of which we may write
(i) or = S@)ad, Br = eiBS(e"). (6.4)

Thus with the co-product AT and co-associator ®7 = @;211 of proposition 1, we have two
QHA structures with differing quasi-antipodes (S, az, Bz) and (S~!, a”, B7) where, from
proposition 1, a” = S~ (a), BT = S~!(B). It follows from theorem 1 that

Theorem 5. There exists a unique invertible u € H, such that

S(a) = uS " (a)u™! or Sz(a) =uau"', VYa e H
and

uS (@) = ag, Bru = S~ (B). (6.5)
Explicitly,

u=SY,BS(Z))arX, = S(Z,)ar¥, 5~ (B)S' (X))

_ _ _ (6.6)
u' = Z,prS(S(X)aY,) = STHZ,)ST (@)Y, BrS(X,).

Above, we have used the fact that the opposite QHA structure has co-associator
®" = &3, and quasi-antipode (S~',«”, B7). We have then applied theorem 1 with
(S, &, B) = (S, ag, Br) to give the result.

The above gives the u-operator of Drinfeld—Reshetikhin [5, 18]. It differs from, but is
related to, the u-operator of Altschuler and Coste [1, 12]. To see how the latter arises, it is
easily seen that R = (R”)~! also satisfies equation (6.1) and thus constitutes an R-matrix.
Thus proposition 7 and theorem 3 also hold with R replaced by R. This implies the existence
of a unique invertible & € H, such that

Sz(a) = fiaii ", Ya € H
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and
asl @) =ag.  Pri=5"'(P)
with oz, B as in equation (6.4) but with R replaced by R. Explicitly we have, in this case,
it = S(Y,BS(Z)agXy = S(Z)ar Y, 57 (B)STH (X))
i =Z,BrS(S(Xy)aY,) = S(Z,)S T ()T BrS(X,).
Then, as can be seen from [12] i is precisely the u-operator of Altschuler and Coste.
To see the relation between u and ii, we first note that uS(u) = S(u)u is central. This
follows by applying S to S(a) = uS~'(a)u~", giving
S*(a) = S HaSw), Va € H.
Before proceeding it is worth noting the following:

6.7)

Lemma 1.
D) Br=SwSPB), agp = S@)Swu™), 68)
(i) Br = S@SP), ar = S(@)S@E™). '
Proof. By symmetry it suffices to prove (i). Now,
Br=m-(1®L1RSHR)"=2BS@)
e S(Bru)S (@) = & S@)S(Br)S @)
=2'S(u)S[e;BS(e))1S(e)
=&'Su)S*(e/)S(B)S(e;)S(@:)
= S(u)S*(@)S*(e))S(B)S(e;)S (&)
= Sw)S*@e)S(B)S(@ie;) = Sw)S(P),
where we have used the obvious result
te;®ee! =R 'R =1® 1.
Similarly,
ap=m-(1@a)(S® RT = S(e)ae;
) $e)Sw  ar)e; = SE)S(r) S e,
= S(e")S[S(e))ae’1S(u e
= S(e')S(@)S(@)S*(@;)Su e
= 5(e")S(@)S(@)S*(@))S* (e Swu™)
= S@e)S(@)S*@je)Su™") = S(@)Sw™). 0

We are now in a position to prove

Lemma 2.
i=Su"
Proof. From equation (6.7), we have
i = S(YV.BS(ZV))OWQXV
©2Y (v, 85(Z,)S(@)SUHX,
= S(Y,BS(Z,)S(@)S*(X,)Su™")

= S[S(X,)aY, BS(Z,)]ISu™")

= s O
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The above result clearly shows the connection between the u-operator of theorem 3 and
that due to Altschuler and Coste. Obviously, the existence of the u-operator in the quasi-
triangular case is a direct consequence of theorem 1 and proposition 7, the latter showing the
equivalence of the opposite structure of proposition 1 with that due to twisting with R. In the
case H is not quasi-triangular, this opposite structure is not in general obtainable by a twist.

The operators u and ii are special cases of the v operator of theorem 1, it follows then
from theorem 2 that

Theorem 6. The operators u and i are invariant under twisting.

In section 3, we discussed the uniqueness of the quasi-antipode (S, «, 8), but nothing has
been said about the uniqueness of the twisted structures or the R-matrix in the quasi-triangular
case. This is intimately connected with the quasi-cocycle condition to which we now turn.

7. The quasi-cocycle condition

The set of twists on a QHA H forms a group, moreover, the twisted structure of equations (4.1),
(4.2) induced on a QHA H preserves this group structure in the following sense.

Lemma3. Let F, G € H® H be twists ona QHA H. Then in the notation of equations (4.1),
(4.2)

(i) Arc = (AG)F, ®rg = (P6)rF,

(i) arc = (ac)r, Brc = (Bc)r-

Moreover, if H is quasi-triangular then
(i) Rrc = (Ra)F. 7.1

In other words, the structure obtained from twisting with G and then with F is the same
as twisting with the twist FG. It is important that the right-hand side of equation (7.1) is
interpreted correctly, e.g. (®)F is given as in equation (4.1) but with ® replaced by @ and
A by Ag, etc.

Given any QBA H, we may impose on a twist ¥ € H @ H the following condition:

(FRD-(AQQNF - d=0-(1QF)- (1 AF (7.2)
which we call the quasi-cocycle condition.

When & = 1 ® 1 ® 1 this reduces to the usual cocycle condition on Hopf algebras. In
the notation of equation (4.1), the quasi-cocycle condition is equivalent to

dp = o. (7.2)
Thus twisting on a QBA by a twist F satisfying the quasi-cocycle condition results in a QBA
structure with the same co-associator.
It is thus not surprising that the quasi-cocycle condition (7.2) is intimately related to the
uniqueness of twisted structures on a QHA H. Indeed, if F, G € H @ H are twists giving rise
to the same QBA structure, so that

Ar = Ag, Op = ¢ (7.3)
then C = F~'G must commute with the co-product A and satisfy the quasi-cocycle condition.
Indeed in view of lemma 3, we have

1.3)
Ac =Ap-16 =(Ag)p+ = (AF)p1 = Ap1ip = A

(7.3)
Dc =Pp-16 =(Pg)p1 = (Pp)p1 = Pp-1p = O.
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This leads to the following:

Definition 3. A rwist C € H @ H on any QBA H is called compatible if

(i) Ccommutes with the co-product A,

(il) Csatisfies the quasi-cocycle condition.

In other words, twisting a QBA H with a compatible twist C gives exactly the same QBA
structure. The set of compatible twists on H thus forms a subgroup of the group of twists
on .

Proposition 8. Let F, G € H® H be twists on a QBA H. Then the twisted structures induced
by F and G coincide if and only if there exists a compatible twist C € H @ H, such that
G=FC.

Proof. We have already seen that if F, G give rise to the same QBA structure then C = F~!G
is a compatible twist and G = FC. Conversely, suppose C is a compatible twist and set
G = FC. Then,

Ag = Apc = (Ac)p = Ar

O = Prc = (Pc)r = Pr,

so that G gives precisely the same twisted structure as F. (|
Setting G = 1 ® 1 into the above gives

Corollary. Let F € H ® H be a twist on a QBA H. Then the twisted structure induced by F
coincides with the structure on H if and only if F is a compatible twist.

In view of the group properties of twists, the above corollary is equivalent to proposition 8.

Let H be a quasi-triangular QHA with the R-matrix R satisfying equation (6.1). From
proposition 7, the opposite co-associator 7 = d>;211 and co-product AT are obtained by
twisting with R, so that ®7 = ®x. The proof of this result utilizes only the properties (6.1).
Hence, since

O = Dpig = (Pr)gt = (&7 )p

it follows that if Q is another R-matrix for H, i.e. satisfies equation (6.1), then we must have
also

@)y = .

Then Q'R must qualify as a compatible twist. Indeed, it obviously commutes with A, while
as to the quasi-cocycle condition, we have

Ppir = (Pr)p1 = (@) g1 = .

Note that (Q7)~!, (RT)~! also determine R-matrices so the following must all determine
compatible twists: Q7 'R, QTR,R7'Q,RTQ. In particular RTR must determine a
compatible twist, as may be verified directly.

With the notation of section 4, it is easily seen that the operator

A=A "Y' u@uF =F 'u®uFAwu™") (7.4)

commutes with A. This operator appears in the work of Altschuler and Coste [1] in connection
with ribbon QHAs. The operator A satisfies the quasi-cocycle condition and thus determines
a compatible twist.
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For general QBAs H, to see that there are sufficiently many compatible twists, we have

Lemma 4. Letz € H be an invertible central element. Then,
C=0c®)AE"

is a compatible twist.

Proof. Obviously, C commutes with the co-product A so it remains to prove that it satisfies
the quasi-cocycle condition. To this end note that

CRDARDNC=ER®z0 DA DNAR ®)(A® DAL
=(®z0)(A® DA™ (7.5)

and similarly

(130)(1®AMC=18zR02)(1AEZ NE®AR)I®AALZ)
=z®z0)(1®A)AE ™) (1.6)

thus

Coao e 0:(A® DA HD

Y e:000@A)AC
T eeze00c ' 0 @ H1®0)(1®AC

=P(1®C)(1® A)C. 0

With C as in the lemma, we see that
€E®@NC=(1®e)C =€(2).
Thus, strictly speaking, €(z~!)C qualifies as a compatible twist.
Following Altschuler and Coste [1], a quasi-triangular QHA is called a ribbon QHA if
the operator A of equation (7.4) is given by
A=@Rv)AQL™

for a certain invertible central element v, related to the u-operator u. This is consistent with
the lemma above and the fact that A determines a compatible twist.

In the case of ribbon Hopf algebras, we have R7TR = (v ® v)A(v™"), so that the
compatible twist RT R is also of the form of lemma 4. This may not be the case for quasi-
triangular QHAs in general.

It is worth noting that if H is a QHA and C € H ® H a compatible twist then H is also
a QHA under the twisted structure induced by C with exactly the same co-product A, co-unit
€, co-associator @, antipode S, but with canonical elements given by equation (4.2); namely,

ac=m-(SNA@a)C!, Bc=m-(1Q35)(1®pB)C.

In view of theorem 1 and its corollary, we have immediately

Proposition 9. Suppose C € H @ H is a compatible twist on a QHA H. Then there exists a
unique invertible central element 7 € H, such that

o =ac, Bcz = B.

Explicitly
z=S(X)acY,BS(Z,) = XuBS(V)acZ,
' = 8(X)aY,BcS(Z,) = X BeS(Y)aZ,.
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In the case H is quasi-triangular, we have seen that C = RT R is a compatible twist. Since
the latter form a group, we have the infinite family of compatible twists C = (RTR)", m € Z,
in which case the central elements z*! of proposition 9 give the quadratic invariants of [12].
We conclude this section by noting, in the quasi-triangular case, that twisting the Drinfeld
twist with the R-matrix R gives, from theorem 4, the twisted Drinfeld twist
F=Fr=60HRNH™" F-R
On the other hand, since (R7)~! is an R-matrix we have, from equation (6.3),
which implies
FaR — F(;T(RT)71 3 R71 — FST(RRT)71
where RRT and its inverse are compatible twists under the opposite structure. This shows
that F| will give rise to a Drinfeld twist under the opposite structure of proposition 7 induced

by twisting with R (which has antipode S rather than S~!). Applying T to the equation above
gives

(FAY' = F(RTR)™!
which shows that, since RT R and its inverse are compatible twists, (F ga)T also gives rise to

a Drinfeld twist on H.

8. Quasi-dynamical QYBE

Throughout we assume H is a quasi-triangular QHA with the R-matrix R satisfying (6.1)
which we reproduce here:

i) AT(@R =RA(a), Ya € H,
(i) (A® DR = 03 Ri3P132R1D 5,
(i) (1® AR = D3pR13P;5R12P 13- (6.1

Applying T ® 1 to (ii) and 1 ® T to (iii) then gives
(i) (AT ® DR = 03 R ®312R13P35,
(i) (1® ATYR = @31 R12Po3, Ri3 P13
It follows that
Ri2(A® DR = (AT @ DR - Ry
from which we deduce that R must satisfy the quasi-QYBE:
Ri2®y3 R13®132Ro3 Py = Py RosP312R13 P 5 R o (8.1)
If we twist H with a twist F € H ® H then H is also a quasi-triangular QHA under the
twisted structure (4.1), (4.2) induced by F with the universal R-matrix
Rp=F RF.
Following equation (7.2), we say a twist F(1) € H ® H satisfies the shifted quasi-cocycle
condition if
[FOR-(A®DFMR) - @=0-[1® FL+h")]-(1®AF(M), (82)
where A € H depends on one (or possibly several) parameters and 7 € H is fixed.
Alternatively, we may write in obvious notation

FoM) - (AQDF) - @ =@ - Fis(h+hD) - (1@ A)F(N). (8.2)



10142 M D Gould and T Lekatsas

When h = 0, this reduces to the quasi-cocycle condition (7.2) satisfied by F = F(1). When
® =1®1®1 (i.e., the normal Hopf-algebra case) equation (8.2) reduces to the usual shifted
cocycle condition.

Twisting H with a twist F satisfying the (unshifted) quasi-cocycle condition results in a
QHA with the same co-associator @, co-unit € and antipode S but with the twisted co-product
Ar, R-matrix R (and canonical elements ar, 8r). We now consider twisting H with a twist
F = F(A) satisfying the shifted condition (8.2). Then under this twisted structure H is also
a quasi-triangular QHA with the same co-unit € and antipode S but with the co-associator
® (L) = ®p(;), and the co-product and the R-matrix given by
A (a) = FO)A@FO) ™, Ya € H, R = FTOW)RF()™! (8.3)
with canonical elements a) = ary), Br = Broy-

In view of equation (8.2"), we have for the co-associator

P() = Fu() - (A® DFQ) - ®- (1@ A)F(W) ™" - Fs(W)™!
=@ FG+h™) - 1@ MFR) - 1@ AHFW) ™ - Fu()™!
=@ Fu(+hY) - Fa)™! (8.4)
which implies
S = Fs(A) - Fs(u+ A7 o7l
In the Hopf-algebra case, equation (8.4) reduces to the expression for ®()) obtained in [13]
(P=1®1®1).
Under the above twisted structure equation (6.1) (ii) becomes
(A ®@ DR() = 31 (W)™ - Riz(A) - @uaa(A) - Raz(h) - D5(h).
Now
D130 =1 Q@ T)P3(A)
8.4 _
W - FLO+hDY - EL)™ (8.5)
which implies
(A @ DR() = @o31() 7" - Ris() - @iz - Fy(h+hD) - B ()™ Ras(1) - D15 (1)

8.4 _
D () Ri3(A) - @iz - FLO+hD)

CFR() 7 Ras (L) - Fas(M) - Fys(h+h D)7 @)
®3) - _
= Doy (M) Rz - Diap - Ras(+ A WD) - D
Similarly equation (6.1) (iii) becomes

(1® ADRM) = P3nn(M) - Riz(A) - D51 - Riz(A) - Pias(A).

Now
O30 =T DA RT)P13(R)
(T D[®1n- F+hM) - FL)]
= @315 - FEO+hPD) - FEO)™!
while

P L) = (T @ HdM)™!

W (T @ DIFs() - Fa(+h")™" - 7]

= Fi3(A) - Fis( +h®)~1 - @5k,
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Therefore,
(1® ADRM) = 312 - FLA+1D) - FE)™ - Ris(W) - Fis(b)
CFiz(+ D) L R - @i (M)
8.3)
Dy - Rz +h®) - 03 - Rip(L) - Dros ().

‘We thus arrive at

Lemma 5. R(A) satisfies the co-product properties
() (A ®DREG) = Py (M) - Riz(h) - Piza - Ros(h + V) - Dy,
(i) (1®AYRM) = P31z Riz(h+hP) - D35 - Rip(A) - D1o3(h),
(i) (A] ® NR(A) = D3 () - Ras(A) - D312 - Ris(A +hP) - DY,
(V) (1®A])RQ) = 31 - Rip(A +hD) - dL| - Ris(M) - @132(2).

(8.6)

Proof. We have already proved (i) and (ii) while (iii) follows by applying (T ® 1) to (i) and
(iv) by applying (1 ® T') to (ii). O

We are now in a position to determine the QQYBE (8.1) satisfied by R = R(A) for this
twisted structure. We have

Raz(A) - D310 - Riz(A +h@) - &3 - Rip()

(8.6)(ii) Razs(A) - (1@ AR - @123(A)

DL (1® A])R() - Raz(M) - P15 (1)

XY @i - R+ D) - @3 - Riz(M) - ®13(M) - Roz(A) - Dk(A)

where for the last three terms we have
(84.8.5) _
D132() - Ras(A) - D5 (0) D3y - Fpy(h+h V) - FLO) !

“R3s(X) - Fas(A) - Fos(A + )71 @)

(83)
i3 - Raz(A+hD) - ).

Hence,
Raz(A) - D312 - Ris(A +hP) - d15 - Rip(L)
= O3 - R +h¥) - @37 - Riz(h) - @i3n - Ras(A +h D) - 5.

We thus arrive at

Proposition 10. R()) satisfies the quasi-dynamical QYBE
RO+ hD) - @5 - Ris(M) - @iz - Ras (o +hY) - &
=5 - Ro3s(V) - @312 - Ris(h+hP) - &3 - Rip(h). 8.7

In the Hopf algebra case (® = 1 ® 1 ® 1), equation (8.7) reduces to the usual dynamical
QYBE. If we set i = 0, then equation (8.7) reduces to the quasi-QYBE (8.1) satisfied by
R = R(A). Hence, the term quasi-dynamical QYBE for (8.7): we could, alternatively, refer to
(8.7) as the dynamical quasi-QYBE (dynamical QQYBE), since it is obviously the quasi-Hopf
algebra analogue of the usual dynamical QYBE.

With respect to the QHA structure of propositions 2, 2’, we have the R-matrices

R' (M) = (S®SHRM), Ro(h) = (ST @ STHR(M),
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respectively. Then applying (S ® S ® S), (S™' ® S~! ® S~') respectively to equation (8.7),
it follows that both of these R-matrices satisfy the opposite quasi-dynamical QYBE

Riz(A) - B35 - Rizs(A+hP) - P13 - Ros(M) - D1y
=&, Ry +hV) - D35 - Ris(h) - D5 - Ria(h + 1),

where @ is the co-associator of propositions 2, 2" and R (1) denotes R/ (1), Ro(A), respectively.
Moreover, applying (T ® 1)((1 ® T)(T ® 1) to equation (8.7) it is easily seen that R (1)
also satisfies the above opposite quasi-dynamical QYBE but with respect to the opposite
co-associator ® of proposition 1.

We anticipate that the quasi-dynamical QYBE will play an important role in obtaining
elliptic solutions to the QQYBE from trigonometric ones via twisted QUEs. Of particular
interest is the quasi-dynamical QYBE for elliptic quantum groups.
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